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Abstract—In the present paper a new design method for degree can be realized as the sum of two stable all-pass filter
continuous-time power-symmetric active RC filters, which is suit- ith real coefficients having no common poles [5]. As allgpas
able for two-channel hybrid filter bank realization, is proposed. sums, such filter bank can be realized with low complexity

Some theoretical properties of continuous-time power-symmeit truct that bust to finit - f t
filters in a more general perspective are studied. This includes the structures that are robust to Tinite precision of components

derivation of a new general analytical form, and a study of poles Analysis filter bank Synthesis filter bank
and zeros locations in s-plane. In the proposed design method the (Continuous-time) (Discrete-time)
analytic solution of filter coefficients is solved in s-domain using t = 2T,

only one nonlinear equation. Finally, the proposed approximation Ho(s) "o Q {12 = Ho(2)

is compared to standard approximations. It was shown that zo (k)

attenuation and group delay characteristic of the proposed filter

lie between Butterworth and elliptic characteristics. a(t) t=2T. y(n)
o _ . Hy(s) =P Q [>| 12— Hi(2)
Keywords Hybrid filter bank, power complementary filter pair, 1 (k)

rational transfer function, allpass network, active RC filter. Fig. 1. Two channel hybrid continuous/discrte fiter bank.

|. INTRODUCTION
For the definition purposes, consider a continual prototype

Many continuous-time signals have a low level nature, , ) :
such as the output of sensors, then their processing off@ffPass-highpass filter pair, denoted|t (s), H: (s)], where
(s) is transfer function of lowpass part of filter pair and

require multi-band decomposition for time-frequency gisi, Hy = : . '
manipulation, recognition of the signal, or storage. Thortgy H1(s) = Ho(s™") is transfer function of highpass part filter
filter bank (HFB) can be used for these applications and it RIl- Normalized passband edge for both filters is equal & on
also suitable for high resolution conversion between analo A filter pair [Ho(s), Hy(s)] is apower-complementarfiter
and digital signals. Therefore, HFB is associated with @mal P2!" [§] if the sum of the squares of their magnitude respsnse
to ADCs working at lower sample rate in comparison with theatisfies
Nyquist sampling rate. Thus, the HFB is an unconventional Ho(s)Ho(—s) + Hi(s)Hi(-s) = 1 (1)
]E:?SS ([)I]tTj,] filter bank that employs both analog and digitg} 4t real frequency
ilters [1]-[4].

The principle of a continuous-time linear hybrid two chan- |Ho(jw)|* + |Hi(jw)]? =1 (2)

nel filter bank is shown in Fig. 1. The system consists ?—jorthis pair, the angular frequenay. — 1, where|Hy (j)|? =
an continuous-time analysis two channel filter bank, un'nror|H1 G = 0'.5 « thecrossover angular f,requenc)pxt o

samplers, quantizers, and a discrete-time synthesis Hittek. qular frequency, the gain responses of both filters are appro

The analysis filter bank consists of the low-pass fillgy(s) . X
. ) ! imately 3 dB below their maximum values. Note, crossover
and high-pass filte; (s). Both filters have the same pass- :
. -~ NP angular frequency is 3 dB passband edge for both lowpass
band edge and split the spectrum of the band limited input™ " . . . 7 1
. . .__,.-and highpass part of filter pair. ThuB,(s) = Ho(s™").
signalz(t) by the factor of 2. The sampling and quantization A filter pair [Ho(s), Hy(s)] is an all-pass-complementary

takes place at the output of the analysis filters with t : . .
twice lower sampling frequencly/ (27%). The quantized signalr\‘ﬁter pair [7] if the sum and difference off(s) and H, (s)

goes into a linear discrete-time synthesis filter bank, whic aisfies Ho(s) + Hy(s) = Ay (s)

generate a single signal from two upsampled and interpblate Ho(s) — Hi(s) = As(s) (©)
signals. The up samplers are used to retain the desired 8tyqui 0 ! 2

sampling ratel /7. where A (s) and Ay(s) are all-pass transfer functions.

The continuous-time filters chosen to build the analysierfilt  Transfer function sets which are simultaneously all-pass
bank play an important role in the performance of the hybricomplementary and power complementary are teromgble
filter bank. It is known that continuous-time filters of odccomplementary All double complementary filter pair can
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be expressed as the sum of stable allpass filters suchfasall s.
the Butterworth and the elliptic filters. The other claskica Proof: This comes from the following facts:
approximation cannot form a double complementary pair. 1) K(-s) = (~1)FK(s)

New efficient approximation of the doubly complementary
filter pair is proposed in this paper. The realization, based?) K(s7') = K(s)
on the continuous-time all-pass filters, which vaIidat&eterhis lemma is proved.
approach is also presented.

Note, fork > 1 andi; = Iy = --- = I3y = 0 we have
[I. APPROXIMATION Butterworth filter which is power-symmetric. Fé&r= 0 or 1

Necessary and sufficient conditions for the transfer famcti @d 1 = lo = --- = Iy = 1 we have Elliptic filters which
to be suitable for the realization of the continuous-time twa'® also power-symmetric. Chebysheu filters cannot be power
channel filter banks are given in this section. In genera, t§YMMetric because they have ripples only in the passband or
squared magnitude characteristic of the lowpass protoitypeStopband.
the s-plane is expressed in the form Lemma 3:Let Hy(s) be a rational with real coefficients

1 power symmetric filter function, then all poles of it are

= (4) restricted to be on the unit circle.

L+ K(s)K(=s) Proof: Since K (s) has the form (7), its poles are restricted
where filter characteristic functiok(s) is rational, and the to be on the imaginary axis, then power symmetkg(s)

polynomial in denominator contains only even or odd poweinplies (8) and equation (4) can be rewritten as
of s, but, the polynomial in nominator contains only even

power of s. For power symmetric filter design, at normalized Hols)Ho(—s) = 1
. A o o(s)Ho(—s) =

passband edge frequengy= +; the characteristic function is 14 (<1)F
equal to one, then the insertion loss of filter at this freqyen
is 3.0103dB. In fact, Butterworth, Chebyshevl, Chebyshev2 _ _
and elliptic filters are introduced in this form, and the filte At pole frequencies ofi(s) the denominator of the expres-
properties are governed in a way whei@s) is chosen [8].  Sion (9) is zero, that is

Lemma 1:The rational transfer functiondy(s) and H (s)
. . - : . K(s)
in Eq. (1) satisfied power symmetric in[9] and in s-domain K(sT)
if 5

K(s)K(—s)K(s )K(-s1) =1 (5)
Proof: For Eq. (4) we have

Ho(S)Ho(—S) + H0(8_1>H0(—8_1)

Ho(s)Ho(—s)

K(s) ©)

K(s™1)

— (_1)k+1

(10)

In view of the real-coefficient assumption at= e=7¢ we
have K (e=7%) = K*(ei%). On the unit circle of thes-plane
we therefore have

K(e?
= ! + ! )K((:—je)) ’ - (1)
1+ K(s)K(-s) 1+ K(s H)K(-s—1) (6)
_ 1+ R(s) So, the quantityk'(s)/K (s~1) has unit-magnitude on the unit

R(s)+ K(s)K(—s)K(s71)K(-s1)

whereR(s) =1+ K(s)K(—s) + K(s7!)K(—s~1). Clearly,
this is equal to one if and only if

K(s)K(—s)K(s H)K(-s 1) =1

circle, then all poles off (s)H(—s) are on the unit circle.

Lemma 4:A filter pair [Hy(s),H:(s)] is an all-pass-
complementary filter pair of transfer functions, i.e., a par
satisfied

Hy(s)+ Hi(s) = Ai(s) (12)
This lemma is proved.

Based on the preceding result it is possible to develop a geviere A; (s) is an stable all-pass transfer function. Then, the
eral analytic form forK (s) which is suitable for continuous- following equation is also automatically satisfied
time power symmetric filter design.

Lemma 2:A rational filter transfer function (4) satisfied
power symmetric [10] ins-domain (5) if and only if char-
acteristic function has the form

Z\/[ 2 2 l777.
K(s)=s* ] (M)
m=1

w2 s?+1

Ho(s) — Hi(s) = Aa(s) (13)

Proof: Since A;(s) and Ay(s) are the allpass transfer
functions, thenA;(s)A;(—s) = 1 and As(s)Aa(—s) = 1.
Further, the squared magnitude characteristic of left side
equation (12) is

)

with w,,, < 1 and arbitrary integet,,, form = 1,2,..., M. G(s) =[Ho(s) + Hy(s)][Ho(—s) + Hy(—s)]

Filter order isN =k + 25" 1,,..
This condition can be expressed equivalently by

K(-s)K(s™) = (-1)" 8

176

=14 Ho(s)H1(—s) + Ho(—s)Hi(s) (14)

because filter paifHy(s), H1(s)] is power complementary.



Let N be odd. Transfer functiofy(s) and H;(s) have the or in simpler form,H(s) can be written as

form ) ,
wis”+1
M H(s)H(—s) = . 2(SV—11) ) (20)
[T (w3,8% +1)tm s2N + dy o +dis+1
Ho(s) = e where
0(5) ($‘|‘1)(8N_1+a15N—2+--~+a13+1) (15) 1)k(2)( 2). ) L
M iJ\wWi )5 =Y. — 4
gN—2v H1(32 +w72n)lm d; = ( )(OJ%)Z + ( 2 )( )2 z+k k‘ )
Hy(s) = m= i
1te) (s+1)(sN 1 +asV=2 4. +as+1) ( )(w )2k, 2—3...,]\7
wherer = M 1, and N = & + 2v. Since Ho(s) is a 1 & =4, thend; =0, fori = k. The poles offI(s) are

ratio of even and odd polynomials theify(—s) = — Ho(s). the poles .ofH( s), reflected abo_ut origin. Since the desired
On the other handi, (s) is a ratio of odd polynomials then filter function must have all poles in the left half of theplape,
H,(—s) = Hy(s). When this is substituted into equation (14)Ve Must associate the left half plane polesiif) 1 (—s) with

we obtainG(s) = 1, i.e., squared magnitude characteristic off (5). Unknown parametew; to be determined so that the
Ho(s) + Hi(s) is equal to one. Thusiy(s) + Hy(s) is an minimum attenuation in the stop-band has specified véalue
allpass function. This can be done by solving a single nonlinear equation in

one unknown.
[1l. THE TwO CHANNEL FILTER BANK
B. An example

Two-channel power complementary filter bank [11] is
P P y [L1] For example, by settingg = 3, M = 1, [; = 1 and

shown in Fig. 2 is considered in this section, whete(s) 0.551017 the order of the filter ISV — d mini
and A,(s) are two continuous time stable all-pass filters witH! ~ 5 € order ot the Titer | 5, and minimum
real coefficients having no common poles. stopband attenuation i®; = 40 dB. The factored form of

transfer functions of the two channel filter bank in thplane,

2 which is designed by using proposed method, is
Aile) =) 0.3036175% + 1
0 Hols) = Gy 00728295 + 1)(2 + 14728995 7 1)
L and the analogue highpass prototype is
As(s) 1 z1(t) Hiy(s) s3(s? +0.303617)

(5 +1)(s% +0.472822s + 1)(s2 + 1.472822s + 1)
Fig. 2. The system of two-channel power complementary filtekba ~ These two prototypes are all-pass complementary

§2 — 14728215+ 1

It is interesting to note that only continuous-time filtefs o Ai(s) = —
: §% 414728215+ 1
odd degree can be realized as all-pass sums. s (=54 1)(s? — 04728225 + 1) (22)
Hy(s) = Xo(s) _ E[Al(s) + As(s)] (16) : (s +1)(s240.4728225 4+ 1)
X(s) 2 .
and power complementary, i.e., double complementary. In
and X1 (s) terms of the pole frequency, and the pole quality factor
Hy(s) = 2520 = Z[Ay(s) — Ao(s)] (17) g, we recognize in biquad transfer functian, = 1 (as in
X(s) 2 the case of the Butterworth filter) and first degree coefficien
The transfer functiongiy(s) and H,(s) can be implemented is 1/g,.
simply by implementing all-pass networks (s) and As(s). Pole-zero plots of these two allpass functions are shown in

A. Approximation Fig. 3. In As(s) are_lncluded the outermost pole pair, the thqu
, , outermost pole pair, and so on (see the pole pair tagged with
The squared magmt.ude.of the _transfer function of the 5, the Fig. 3). The remaining pole pairs belongAe(s).
proposedn-th degree with single pair of zero3{( =1 and  Fig. 4 gives a comparison of new filter frequency responses
i =1) at+jw; is: (Rs = 40 dB andk = 5) with Butterworth filter frequency

H(jw)2 = 1 (18) responses. Both filters are 7th degree.
J N o w? —w?y2 A sample of some normalized proposed transfer functions
T+w (1 _ oﬂw%) for 3 dB maximum passband attenuation and 40 dB minimum

stopband attenuation, in factored form, can be found in€Tabl

In this table the frequencies are normalized to passbane edg
frequencyw, = 1. The numerator is normalized to that the
dc gain of thee system is equal to unity. The passband ripple
can be calculated by using (2). Since stopband ripple is 40 dB
(0.01 times) then passband ripple4i$432 x 10~* dB.

wherew; < 1 determined minimum stop-band attenuation.
Performing analytic continuatiow = —js, equation (18)
gets form

(1+s*wi)?

H(s)H(—s) = (14 w2s?)? 4 (—1)ks2k(s2 + w?)?

, (19)
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TABLE |
DOUBLE COMPLEMENTARY APPROXIMATION FUNCTION FORR), = 40 dB

n Denominator ofH (s) Numerator ofH (s)
3 (s+1)(s®+0.9124264s + 1) 0.0875736s2 + 1
5  (s+1)(s% 4 1.4728206s + 1)(s2 + 0.47282065 + 1) 0.3036200s2 + 1
7 (s+1)(s? +1.7136030s + 1)(s? + 1.0198032s + 1)(s + 0.3062001s + 1) 0.4649038s% + 1
9 (s+1)(s%+ 1.8305027s + 1)(s? + 1.3690518s + 1)(s? + 0.7627434s + 1)(s? + 0.2241943s + 1)  0.5714580s2 + 1

15 instance the Lattice or T-section filters. The other altévea

is the active implementation, consisting of active devilies

+ " operational amplifiers as well. Through the application of
active components, it is possible to omit the bulky and gostl
inductor components, as well as providing more freedom in
the shaping of the filter characteristic.

The active RC realization by cascading first and second
order section (biquad) is proposed in this paper. The biquad
X 0 -1 can be realized with single or more operational amplifiehe T
single amplifier lowpass and highpass filter will be discdsse
15 1 05 0 o5 1 15%° The transfer function of an even degree is not suitable

Real part for complementary decomposition because its allpassfaans
functions have complex coefficients.

+
X
o
[=]
o o
[8;]
Imaginary part

b d
o
1
o
(S}

Fig. 3.  Pole-zero plot of allpass functions inplane of the 7th-order

prototype for transfer function with?, = 40dB, M = 1 andl; = 1. 1Nhe single amplifier all-pass network first degree and the
Poles and zeros ofl; (s) are tagged withx and O respectively; but poles Delyiannis second degree all-pass circuit are given on the
and zeros ofds(s) are tagged witht andL] respectively. figure 5(a) and 5(b), respectively [12, chap. 4]. It is asslime
that the ideal operational amplifiers are used.
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Fig. 5. (a) The single amplifier all-pass network first degrad &) the
all-pass network second degree.

21073

n
o
Stopband attenuation, dB

11073 10

Passband attenuation, dB

The circuit on the figure 5(a) is referred to as the grounded

o 0 0 capacitor allpass network. Fdt; = Ry transfer function of
Normalized frequency first degree allpass network is
Fig. 4. Comparison of 7th degree new filter frequency respo(Re = 40 s — L
dB andk = 5) with 7th degree Butterworth filter frequency responses. H(s) _ RC
- 1
s+ iel
[V. IMPLEMENTATION Transfer function of allpass network second degree, assum-
_ . . . _ . ing ideal operational amplifie¢); = C, = C'is as follows
In this section we discuss the design of continuous-time par R 1 9 1
of two channel hybrid filter bank based on all-pass active RC 5% — faR c T RolP T BRe
structure. All-pass transfer functions are non-minimuraggh ~ H(s) = h, UL 2 1°72 (22)
o . : 2 1
transfer function i.e., they have zeros in the right half ug t s34+ s+
RoC RyRy(C?

complex-frequency plane.
Basically, there are two implementation manners of realifthere h, = Ry/(Ra + Rs). Equating coefficients of equal

ing such continuous-time allpass filter circuits. One alagive POWers of s in Egs. (21) and (22) we can obtain the following

is the passive implementation, consisting of only passi#@mponent values

components like capacitors and inductors. A number of passi 1 2, R, Ry

circuit topologies exist, which can be used for this purpése = 2Cq,’ Ry = C’ Ry, Ry (23)
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Fig. 6. Implementation of seven degree continuous-time patvofchannel hybrid filter bank.

From Fig. 5, we have the implementation of the two channby the transfer functions, so as to be implemented as a phrall
continuous-time filter bank with component values shown itonnection of two all-pass filters, are listed. If filter degris
Fig. 6. Pole-zero plot is on the Fig. 3 given. The first allgpadd, allpas functions have real coefficients, but for evearfil
filter A;(s) is realized by two second order sections shown itiegree the allpass function involves in the implementatfien
figure 5(b) and placed in cascade. The second all-pass fitemplex coefficients. The efficiency of the proposed design
A,y (s) is realized by one first order section shown in figurbas been demonstrated by means of an example.

5(a) and one second order section placed in cascade.

The standard inverting summing amplifier is used for com- ACKNOWLEDGMENT
bining two signals. The differential amplifier circuit isaegs ~ This work is supported by Serbian Ministry of Science and
as subtractor. In these circuits, input signals are scalgtie Technologies, Project No. 32009TR.

desired values by selecting appropriate values for thetarsi REFERENCES

035 : : 0.6 : : [1] S. R. Velazquez, T. Q. Nguyen, and S. R. Broadstone, ‘fresif
A hybrid filter banks for analog/digital conversionZEE Trans. on Signal
0.3} = - -Butterworth | o4l | Processingvol. 46, no. 4, pp. 956-967, Apr. 1998.

’ [2] B. Rumberg and D. Graham, “A low-power and high-precisian-p
grammable analog filter bankCircuits and Systems II: Express Briefs,
02 I IEEE Transactions gnvol. 59, no. 4, pp. 234-238, Apr. 2012.

[3] A. Kammoun, C. Lelandais-Perrault, and M. Debbah, “SNRcffit
07 approach for the design of hybrid filter bank A/D converteirs, Acous-
tics, Speech and Signal Processing (ICASSP), 2013 |IEEEnhttenal
-0.2] 1 Conference onMay 2013, pp. 2716-2720.
Y [4] N. Stamenkow and V. Stojanod, “The design of two channel IIR
04 i QMF bank directly from analog prototypeDigital Signal Processing
vol. 98, no. 7, pp. 961-972, July 2011.
06 | [5] I. W. Selesnick, “Lowpass filters realizable as allpasms: design via
' a new at delay filter,IEEE Trans. on Circuits and Systems Part Il
vol. 46, no. 1, pp. 40-50, Jan. 1999.
08 —New 1 [6] S. Koshita, M. Abe, and M. Kawamata, “State-space analg§ipower
complementary analog filters,” i€ircuits and Systems, 2007. ISCAS
0 10 20 20 9 0 2 20 2007. IEEE International Sympqsium,d\;lay 2007, pp. 2814-2817.
Time, s Time, s [7] J.-H. Lee and Y.-H. Yang, “Design of two-channel lingarase QMF
banks based on real IIR all-pass filterdfision, Image and Signal
@ () Processing, IEE Proceedingsol. 150, no. 5, pp. 331-8—, Oct. 2003.
Fig. 7. Impulse responses fo¥ = 7. (a) Lowpass filter, (b) highpass filter [8] M. D. Lutovac, D. V. Tosic, and B. L. Evansilter Design for Signal
Processing using Matlab and MatematicaNew Jersey, USA: Prentice
. . Hall, 2001.
The lowpass and highpass impulse responses for a sevenid}-p, vaigyanathan, “Some properties of iir power-symmetriters.” in
order conventional Butterworth and proposed filter can be Acoustics, Speech and Signal Processing, 2007. ICASSP. 2BBE

seen in Fig. 7. As can be seen both impulse response are Intemational Conference orvol. 3, Apr. 2007, pp. lll-1449-111-1452.
g P P 10? D. Zivaljevi¢t and V. Stojanow, “Transitional Butter-Elliptic filter suit-

very similar. In connection with Figure 4 new filter has bett able for complementary decompositioririverse Problems in Science
frequency responses in comparison with the Butterwortbrfilt and Engineeringvol. 20, no. 1, pp. 117-125, Jan. 2012.
[11] H. Lollmann and P. Vary, “Design of iir gmf banks with ngaeffect
V. CONCLUSION reconstruction and low complexity,” idcoustics, Speech and Signal
. . . Processing, 2008. ICASSP 2008. IEEE International Confezeon
A new class of continuous-time filter structures has been war. 2008, pp. 3521-3524.

presented, which can be used for efficient implementation [6#] T. Deliyannis, Y. Sun, and J. K. FidleContinuous-Time Active Filter
the hybrid filter bank. The conditions required to be satisfie =~ Design Boca Raton: CRC Press LLC, 1999.

0.25¢

0.2

Impulse response
Impulse response

179



